Abstract. Let X and Y be smooth, connected, projective complex curves and let b 0 2 Y . Let d 3 and n > 0 be two integers. Let e D .e 1 ; : : : ; e r / and q D .q 1 ; : : : ; q s / be two partitions of d . In this paper we study equivalence classes of pairs OEf; satisfying the following: f W X ! Y is a degree d covering of Y , f is unramified at b 0 and it is branched in n C 2 points, n of which are points of simple branching, one is a special point whose local monodromy has cycle type e and one is a special point whose local monodromy has cycle type q. Moreover, W f 1 .b 0 / ! ¹1; : : : ; d º is a bijection and the monodromy group of f is S d . We prove that the corresponding Hurwitz spaces are irreducible under the hypothesis g.X/
Introduction
In this paper we study Hurwitz spaces of degree d coverings with two special fibers and monodromy group S d . In order to motivate our interest in these spaces we list some previous results and their applications.
Let X and Y be smooth, connected, projective complex curves and let b 0 2 Y . Let d 3 and n > 0 be two integers. Let e D .e 1 ; : : : ; e r / and q D .q 1 ; : : : ; q s / be two partitions of d . Hurwitz proved in [7] the irreducibility of the Hurwitz spaces of degree d coverings of P 1 simply branched in n points. Severi used this result in order to prove the irreducibility of the moduli space M g of curves of genus g (see [13] ). Coverings of P 1 simply branched in all but one points of the discriminant were studied by Kluitmann and Natanzon, who independently proved the irreducibility of the corresponding Hurwitz spaces (see [9, 11] ). Moreover, in his paper Natanzon refers to some applications of this result to the theory of integrable systems. The irreducible components of Hurwitz spaces of coverings of P 1 , with n points of simple branching, two special points and monodromy group S d were studied by Wajnryb in [15] . Hurwitz spaces of degree d coverings of curves of genus 1 simply branched in n points and with monodromy group S d 376 F. Vetro were studied by Berstein and Edmonds. They proved in [1] the irreducibility of these spaces under the hypothesis n > d 2 . Kanev in [8] and Vetro in [14] studied equivalence classes of pairs OEf; satisfying the following: f W X ! Y is a degree d covering of Y with Y curve of genus 1, f is unramified at b 0 and has n points of simple branching, one special point and monodromy group S d . Moreover, W f 1 .b 0 / ! ¹1; : : : ; d º is a bijection. They proved the irreducibility of the corresponding Hurwitz spaces. In this direction, the best estimate was established in [14] , where the irreducibility of these spaces is proved under the hypothesis n C jej 2d where e gives the cycle type of the local monodromy of the special point and jej D P r i D1 .e i 1/. In this paper we study equivalence classes of pairs OEf; satisfying the following: f W X ! Y is a degree d covering of Y , f is unramified at b 0 and it is branched in nC2 points, n of which are points of simple branching, one is a special point whose local monodromy has cycle type e and one is a special point whose local monodromy has cycle type q. Moreover, W f 1 .b 0 / ! ¹1; : : : ; d º is a bijection and the monodromy group of f is S d . Here, we denote by H o d;n;e;q .Y; b 0 / the Hurwitz space of the pair OEf; defined as above. Let H o d;n;e;q .Y / be the Hurwitz space of equivalence classes of coverings f defined as above without fixing a bijection . We prove that H o d;n;e;q .Y; b 0 / is irreducible under the hypothesis
where g.X/ and g.Y / denote, respectively, the genus of X and Y (see Theorems 1 and 2 of this paper 
f is unramified at b 0 and it is branched in n C 2 points, n of which are points of simple branching, one is a special point whose local monodromy has cycle type e and one is a special point whose local monodromy has cycle type q. Moreover W f .t 1 ; : : : ; t nC2 I 1 ; 1 ; : : : ; g ; g / WD .t ; ; / of permutations in S d is a Hurwitz system if t i ¤ id for each i 2 ¹1; : : : ; n C 2º and t 1 t nC2 D OE 1 ; 1 OE g ; g . The subgroup of S d generated by t i , k , k with i D 1; : : : ; n C 2 and k D 1; : : : ; g is called the monodromy group of the Hurwitz system. An (e; q/-Hurwitz system is a Hurwitz system such that one of t 1 ; : : : ; t nC2 has cycle type e, one has cycle type q and the other n elements in t 1 ; : : : ; t nC2 are transpositions. Remark 1. An ordered sequence .t 1 ; : : : ; t nC2 / of permutations in S d , with t i ¤ id for each i , is a Hurwitz system if t 1 t nC2 D id :
Let . 1 ; : : : ; nC2 ;˛1;ˇ1; : : : ;˛g ;ˇg / be a standard generating system for
The images determine via m of 1 ; : : : ; nC2 ;˛1;ˇ1; : : : ;˛g ;ˇg an .e; q/-Hurwitz system with monodromy group S d . Let us denote by A o n;e;q;g the set of all .e; q/-Hurwitz systems .t 1 ; : : : ; t nC2 I 1 ; 1 ; : : : ; g ; g / with monodromy group S d . Note that when g D 0 we write A o n;e;q instead of A o n;e;q;g . Then, with the fixed closed arcs . 1 ; : : : ;ˇg / defined as above, by Riemann's existence theorem we can identify the set of pairs OEf; 2 H o d;n;e;q .Y; b 0 / such that f has branch locus D with the set A o n;e;q;g .
Remark 2. Let OEf 2 H o d;n;e;q .Y / and let OEm be the equivalence class of homomorphisms associated to OEf . We notice that the images determine via m of 1 ; : : : ; nC2 ;˛1;ˇ1; : : : ;˛g ;ˇg an equivalence class of .e; q/-Hurwitz systems, where .t; ; / and .t 0 ; 
Braid moves
The braid groups of a smooth, projective complex curve Y of genus g were studied by Birman in [2] , by Fadell-Neuwirth in [3] and by Scott in [12] . In this subsection we shortly recall the way in which the generators of these groups act on Hurwitz systems. The generators of the braid group 1 ..Y b 0 / .nC2/ ; D/ are the elementary braids i with i D 1; : : : ; n C 1 and the braids j k ; j k with 1 Ä j Ä n C 2 and 1 Ä k Ä g. The action of elementary braids i on Hurwitz systems was studied by Hurwitz in [7] . We denote by 
respectively. The action of the braids j k ; j k on Hurwitz systems was studied by Graber, Harris, Starr in [6] and by Kanev in [8] . In the sequel, we make use of the results of Kanev. Here as in [8] , by
we denote, respectively, the pair of moves associated to j k and j k . We need the following result. 
For 00 ik
We notice that the moves Analogously, when 1 To give our first result, we need the following lemmas.
Lemma 1 ([14, Proposition 3]).
Let .t 1 ; t 2 ; : : : ; t l / be a sequence of permutations in S d such that t 1 has cycle type e and t 2 ; : : : ; t l are transpositions.
If l 1 C jej 2d , then .t 1 ; t 2 ; : : : ; t l / is braid equivalent to Since the monodromy group of Hurwitz systems in A o n;e;q;g is S d , by Lemma 2 we obtain the claim.
Remark 4. If n C jej 2d , each Hurwitz system in A o n;e;q;g is braid equivalent to a system of the form .: : : ; ; ; : : : I ; / where is an arbitrary transposition in S d . In order to obtain the claim, one can move to the first place the element with cycle type e and to the place n C 2 the permutation with cycle type q. Then, Lemma 3 can be applied to conclude.
In what follows, we also use the following result.
Lemma 4 ([10, Lemma 2.4]).
Let .t 1 ; : : : ; t l / be a sequence of transpositions in S d and let † 1 ; : : : ; † v be the domains of transitivity of the group generated by t 1 ; : : : ; t l . Let i; j 2 † k , then .t 1 ; : : : ; t l / is braid equivalent to ..ij /; t Remark 5. Let .t 1 ; : : : ; t l / be a sequence of transpositions such that t 1 t l D id. Let † 1 ; : : : ; † v be the domains of transitivity of the group generated by t 1 ; : : : ; t l . If i and j belong to the same † k , by Lemma 4, we have that .t 1 ; : : : ; t l / ..ij /; t 
Main results
In this subsection we prove that the Hurwitz space H o d;n;e;q .Y; b 0 / is irreducible. As we observed in Section 1.1, since H o d;n;e;q .Y; b 0 / is smooth, in order to prove its irreducibility it is sufficient to check that 1 ..Y b 0 / .nC2/ ; D/ acts transitively on A o n;e;q;g . We prove the transitivity of this action showing that each .e; q/-Hurwitz system in A o n;e;q;g is braid equivalent to a given normal form. Now, we move the pair ..1; 2/; .1; 2// to the left of and then apply and Lemma 5 to obtain a system of the form ; .1; e 1 C 1/; : : : ; .1; e r 1 C 1/; 2 ; 2 ; : : : ; l ; l ; .1; 2/; .1; 2/; .1; 2/; .1; 2/; ; : : : :
Reasoning as above, for all the pairs . i ; i /, with i D 2; : : : ; l, we obtain the claim.
Case r D 1. From the relation P t 2 P t n s D .1; 2; : : : ; d / it follows that P t 2 P t n s D id. Consequently, by Lemma 4, . P t 2 ; : : : ; P t n s / is braid equivalent to a sequence of the form . 1 ; 1 ; : : : ; l ; l / (see Remark 5) .
In order to replace the obtained sequence with ..1; 2/; : : : ; .1; 2// we proceed as in the case r > 1, but now we use the sequence of moves Q D i.e., 2g.X / 2 2dg.Y / D n r s;
On the irreducibility of Hurwitz spaces of coverings 387 where g.X/ and g.Y / denote, respectively, the genus of X and Y . So, the condition n s r d C 1 is equivalent to the following condition on the genus of X:
In view of Remark 6 and Proposition 2, we state the following result. In what follows Y is a smooth, connected, projective complex curve of genus g 1. Proof. To prove the irreducibility of H o d;n;e;q .Y; b 0 / it is sufficient to show that each .e; q/-Hurwitz system in A o n;e;q;g is braid equivalent to a system of the form . Q t I id; : : : ; id/. In fact, Q t 2 A o n;e;q and so the theorem follows by Proposition 2. Let .tI 1 ; 1 ; : : : ; g ; g / 2 A o n;e;q;g . We show that .tI 1 ; 1 ; : : : ; g ; g / is braid equivalent to a system of type . Q tI id; : : : ; id/ by using induction on P g hD1 .j h j C j h j/. Note that if P g hD1
.j h j C j h j/ D 0, then h D id and h D id for each h D 1; : : : ; g. Therefore, we suppose that P g hD1
.j h j C j h j/ > 0. This ensures that at least one of h 's or one of h 's is different from id.
If 1 ¤ id, let Á be a transposition such that jÁ 1 j D j 1 j 1. As observed in Remark 6, the condition g.X / We bring one transposition Á to the first place and then we use If 1 D id and 1 ¤ id, we choose a transposition Á such that jÁ 1 j < j 1 j. By Remark 4, we can replace our system with a system of the form .: : : ; Á; Á; : : : I ; /. We move one Á to the first place and we act by the braid move 
